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A Radiation Model for Nonequilibrium Molecular Gases

C Freperick HANSEN*
General Motors Defense Research Laboratory, Santa Barbara, Calif

Solutions to the radiative transfer equation in a nonequilibrium gas are derived in a form

paralleling the usual equilibrium solutions

These nonequilibrium solutions are given in

terms of an absorption coefficient and a Planck-like energy distribution, both of which are
expressed as functions of effective electronic excitation temperatures and relative oscillator-
strength distributions across the spectrum Approximate oscillator-strength distributions
are presented which are functions of vibrational temperature only, and which give an aver-

aged profile of the band produced by a given electronic transition

Example calculations are

made at vibrational temperatures of 1000°, 3000 , and 10,000°K for the strong molecular
bands in nitrogen: namely, the N: first- and second-positive and the N, T first-negative bands

Introduction

PTICAL radiation from high-temperature gases is im-
portant in aerodynamics because it is one of the ob-
servables produced when a high-speed body traverses the
atmosphere, and also because it may become the dominant
mechanism of heat transfer when the body’s speed exceeds
escape velocity from earth Provided the flow field and the
radiation are uncoupled (criteria for this condition have been
established by Goulard,! for example), the problem can be
treated in two steps  First, the thermodynamic state of the
gas is found at each point in the flow by methods such as
those outlined by Hall, Eschenroeder, and Marrone 2 Then
the radiation is calculated from knowledge of the emission
and absorption coefficients, which are functions of the state
variables
Where the excited gas is in equilibrium, the absorption
coefficients are unique functions of any two state variables
such as temperature and density; for equilibrium air these
have been calculated by Meyerott, Sokoloff, and Nicholls,?
whereas expetimental values have been repoited by Keck,
Camm, Kivel, and Wentink ¢ At low densities, such as may
occur in expanded flow or at high altitude, the radiation may
be from gases far out of equilibrium Then the state vaii-
ables must include the population ratios of excited molecular
and atomic species In principle, these may still be calcu-
lated by the methods of Hall et al ,? although it must be ad-
mitted that some of the collision cross sections required for
electronic excitation are not well known However, even
when the population ratios are given, the number of these
variables involved becomes so large that it is impractical to
tabulate radiation or absorption coefficients directly for non-
equilibrium gases  Thus, the aerodynamicist needs a method
for treating nonequilibrium radiation for each specific flow
problem where this occurs
It is the purpose of this paper to derive expressions for the
nonequilibrium absorption and emission coefficients that are
as simple as possible and to show how these coefficients enter
the solution for radiative transfer The viewpoint is taken
that the population numbers of excited species are available
from a previous calculation It may be noted that the ob-
jective here is rather different from the objective of the
spectroscopist, who seeks to establish a model that will
reproduce the detailed structure of the spectrum, including
the discontinuities observed at each rotational-vibrational
band head Such a model for equilibrium air has been pre-
sented by Breene and Nardone,® for example The present
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objective is rather to retain only the essential average chai-
acteristics of the spectral distribution so that the model will
be useful for engineering purposes but yet simple enough for
a practical subroutine in caleulations of radiation from com-
plex flow fields  For this purpose, the averaging proceduies
suggested by Meyerott et al ® seem most practical, and these
will be followed here

Absorption Coeflicients

If radiation with intensity I, falls on a gas with N-absorb-
ing molecules per unit volume, the energy absorbed each
second per unit interval of the spectrum may be expressed:

47 NI «, = NI,B,, hvq (1)

where I, is in units of erg/sec-cm?steradian-unit frequency
and «, is the absorption cross section per molecule The
equivalent expression on the right-hand side of Eq (1) is
given in terms of the Einstein probability coefficient B.. , de-
fined as the number of transitions each second per molecule
from the quantum state n to the excited state n’ when in an
isotropic radiation field of unit intensity In general, the
absorption is distributed over a finite portion of the spectrum
because of factors such as the natural line-broadening, colli-
sion-broadening, Doppler shift, and in the case of moleculal
bands the vibration-rotation structuie of the transition This
is accounted for by the factor ¢, defined as the relative num-
ber of oscillators per unit frequency interval
The Einstein coefficient is given by® 7

B.. = (47%2/hyme)fun (2

where f., is the absorption oscillator strength, or f number,
for the transition It is a quantum mechanical correction to
the classical result which signifies the probability that the
absorbing particle will make the transition from n to n’ in
preference to all other possible transitions  [It may be noted
that B is sometimes defined® as the number of transitions
induced when the radiant flux is limited to unit solid angle
In this case, the coefficient is just (4m)=! times that given in
Eq (2) ]

If the molecular wave functions are separable into the
product of functions involving only the electronie, vibrational,
or rotational coordinates, then the oscillator strength can be
expressed as the product of three factors:

f=rrs &)

where each of these factors is a probability noimalized to
unity when summed over all possible electronic, vibrational,
and rotational transitions, respectively =~ Thus the summation
over all vibration and rotation transitions yields just the value
f, and this quantity will be used as the oscillator strength
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required in the definition of B, Eq (2) The wave functions
are not strictly separable, of course, and so the quantity f.
varies somewhat across the band This variation may be
treated by Fraser’s method of r centroids as described by
Nicholls and Jarmain ¢ *® However, if the band is reason-
ably compact, the f number usually varies but weakly across
the band,? and in the interests of simplicity a constant value
will be assigned here

With f. assumed constant, the oscillator distribution func-
tion ¢ is the density of the product f.f, per unit frequency
intetval Following the suggestion of Meyerott,® an interval
of frequency Av is chosen (2000 cm ! in wave-number units),
and the average oscillator density over this interval is calcu-
lated For a compact band, this interval is broad enough to
include a reasonable number of vibrational transitions so that
the average has statistical meaning The rotational line
structure of the band is neglected except to assume that,
together with the collision and Doppler broadening, it spreads
the absorption uniformly across the interval Ay Then
the oscillator distribution function is given by

N,

1= % ZZ TN @
The summation is understood to include only those lines that
lie within the interval Ay  The quantity ¢..’ is the Franck-
Condon factor!® giving the fraction of electronic transitions
that occur from vibrational quantum number » in the lower
state to the vibrational quantum number ¢’ in the upper
state:

= [[ ¥ dr]® ®

where ¥ and ¢ are the vibrational wave functions of the
lower and upper state, respectively The ratio N,/N is the
fraction of the N-absorbing molecules that are in the vibra-
tional quantum level » It is generally assumed that the
vibrational states are approximately in Boltzmann distribu-
tions even when they are out of equilibrium with other energy
modes Accordingly, a vibrational temperature O is assigned
to characterize the vibrational state To the approximation
that the molecules behave like harmonic oscillators with the
frequency w, the population fractions are

N‘p/N — e-—vhw/ke(l _ e—hw/ke) (6)

Absorbing molecules are most often in the ground state or
a metastable state, where it is generally adequate to use the
Boltzmann-type distribution given by Xq (6) Another
form suitable for excited-state molecules in very low-density
gases will be considered in the following section on emission
coefficients The oscillator distribution function ¢, Eq (4),
is a convenient parameter to tabulate for use in computing
the absorption in gases From Eqs (1) and (2) it follows that
the average absorption coefficient per unit frequency is

= (me*/me)foyq (M

when ¢ is given in seconds

Emission Coefficients

At equilibrium, the emission coefficient is related in a simple
way to the absorption coefficient® However, for the case of
interest here, where the gas may be out of equilibrium, the
emission coefficient needs to be calculated separately, be-
cause the radiation process and the collisions are competing
to populate the vibrational levels in different ways For the
moment, neglect the radiation-induced downward transitions
and consider only the spontaneous transitions from excited to
lower states Then the energy emitted each second per unit
interval of frequency by each unit volume may be expressed:

4rN'e, = N'A, g’ ®

where N’ is the number of excited molecules per unit volume
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and ¢, is the emission coefficient in erg/sec-steradian-molecule-
unit frequency Again, the equivalent expression on the
right-hand side of the equation is given in terms of an Einstein
coefficient A, ,, defined as the number of spontaneous transi-
tions each second per molecule from the excited state n’ to a
lower state n  The two Einstein coefficients are related® by

2hy?
An’n = Z_, ”—V‘ Bnn (9)

c?

where ¢ and g’ are the degeneracies of the lower and upper
states, respectively The emission oscillator distribution
funetion is given by

1 N,
q' AV ;; q'm)' _Z—V—I (].O)

where the Franck-Condon factors ¢., are the same as for Eq
(4), and the sum is over the same lines of the spectrum lying
in the interval Ay Only the terms N, /N’ giving the fraction
of excited molecules with vibiational quantum number »’
are different

If the gas density is high enough so that collision frequency
is much larger than the radiative transition rate, a vibiational
population distribution of the same form as Eq (6) may be
used The oscillator-strength distribution for this case will
be designated by ¢..”:

go' Av ZZ Govre—? W HO(] — g—he /K@) (11)
v v

To determine the densities for which Eq (11) applies, consider
the ratio of the radiative transition and collision frequencies
The radiative transition frequency may be expressed as

= 3vfg/q' (12)

where v is the classical damping constant 8w2v%?2/3me?® and
fo is the oscillator strength for the transition Typically,
fe is the order of 10~ to 103 for strong molecular bands, v is
about 108 sec™ in the optical region of the spectrum, and so
A lies in the range about 108 transitions/sec

The collision rate may be written as

| Z = NSu (13)

where N is the molecule number density, S is the cross section,
and @ is the mean molecular velocity (847 /7u)'/2, with u the
reduced mass of the colliding particles The cross section
S is the order of 30 X 10~ c¢m? for most molecules, and % is
typically in the range from 10° to 10° cm/sec for the tempera-
tures and molecular weights of interest Thus Z is the order
of 107°N  Then, for collision frequency to be large compared
to radiative transition rate, it is necessary that

N> Z"Zf I ~ 108 (14)

On the other hand, if gas densities are much less than the

foregoing, radiation will occur from the upper states which

are initially produced by the excitation processes Excited

diatomic molecular states may be produced by three different
mechanisms as follows:
Two-Body Collision

AB 4+ M — AB*+ M (15)
Radiation Absorption
AB + hy — AB* (16)

Three-Body Recombination
A+B+M—>AB*+ M an

The ratio of three-body collision rate to the two-body
collision rate is the order of VN, where the volume V is the
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sphere of influence for the potential function between two of
the colliding atoms This volume is about 10722 cm? so
that when three-body recombination becomes appreciable,
the number density N is large enough to effect a collision
randomized vibrational population according to the criterion
of Eq (14) Consequently, at low density, only the two-
body collision and radiation absorption excitations are
considered

If radiation of uniform spectral intensity is absorbed, the
ground-and upper-state vibrational populations are related by

]V,—=Zq g (18)

where the summation includes all vibrational quantum num-
bers v of the ground state The same population should be
produced by electron bombardment, as an electron can
scarcely be more effective than a quantum of absorbed
radiation in changing the instantaneous momentum or posi-
tion of the heavy atomic nuclei These atoms suddenly find
themselves with their original momentum and position oper-
ating in a different potential field, and the probabilities
that the molecules then arrive at the new vibrational quan-
tum numbers »’ are just the Franck-Condon factors used in
Eq (18) In the case of collision with heavier particles, it is
possible for vibrational quantum jumps to be produced by
the same collision that causes electronic excitation How-
ever, it will be assumed that the distribution of Eq (18)
applies to this case as well, on the grounds that excitation
of multiple-eneigy modes by a single event is generally less
probable than excitation of a single mode  Then the emission
oscillator strength distribution for low densities may be ex-
pressed:

, 1 d N,
o = 3, 2L O <§1 Gov N> (19)

At intermediate densities where Z and A are the same
order of magnitude, part of the molecules will suffer collision
before they radiate The probability that the molecule does
not radiate in the time ¢ will be taken as exp(—A4f) An
interval, the order of Z~Y, is required to transfer the excited
molecule from one distribution to the other, and it will there-~
fore be assumed that the fraction exp(— A4/Z) has been trans-
ferred by collision to the Boltzmann vibrational distribution
before radiating, whereas the remaining fraction radiates
from the initial states produced by the excitation process
The total effective oscillator distribution funection may then
be expressed:

q' = (1 — e—-AIZ)qo' 4 em4lz qm' (2())

The factors gy’ and ¢..’ are convenient parameters to tabu-
late for use in computing the emission from nonequilibrium
gases The average molecular emission coefficient per unit
frequency interval is related as follows to the total emission
oscillator distribution given by Eq (20):

3 2
o = L2 (’i‘if>q' @)

g’ ¢ \mc”*

It may be noted that the foregoing oscillator distribution
factors have the same purpose as the averaged ¢ functions
used by Keck et al* Both give the spectral shape of the
band The band head discontinuities are obliterated in the
g factors, since these are obtained by Meyerott’s scheme of
averaging, which ignores the rotational structure These
discontinuities appear sharply in models where rotational
structure is included, as it can be in Keck’s ¢ function or in
the model used by Breene and Nardone 3 However, at the
high temperatures where radiation becomes important, the
neglected broadening effects often smear out the structure,
and the simpler averaging procedure used to obtain ¢ is judged
to be adequate for many engineering purposes
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Radiative Transfer in Nonequilibrium Gas

The solutions to radiative transfer in a nonequilibrium gas
can be worked out in a manner almost exactly analogous to
the equilibrium gas solutions® if the parameters involved are
defined properly With scattering neglected, the equation
of transfer for a steady-state medium can be written:

al, Ahv .., , Bhr B'hy 'y
ds  4r N'g 47 LNg + 4ir LNg 22)

where ds is the element of path length through the gas The
last term on the right side of Eq (22) accounts for the down-
ward transitions induced by the radiation of intensity I,
This must be included as well as the spontaneous transition
rate given by the first term on the right side of Eq (22)
The factor B’ is the Einstein probability coefficient for these
induced emissions Like the other Einstein coefficients, it is
a property of the molecule or atom independent of the state
of the gas  Thus its value can be determined from a relation
that must obtain in an equilibrium gas; namely, the ratio
of induced emission to absorption probability is proportional
to the ratio of lower- to upper-state degeneracy®:

B'/B = g/¢' (23)

Then the equation of transfer becomes

dl, _ Bhy AN'g" _ N'g ¢
ds  4r qu: (1 N ¢'q L @4

If an electronic temperature 7', is defined such that
N'g/Ng' = ¢~ h/kT (25)

and if this, together with the definition of & [Eq (7)]is sub-
stituted in Eq (24), there results

3 qf ’
a, _ Na, [& Z_ e—m/kT _ (1 _ Z_e—hp/lm> L’:I (26)

ds c?

Furthermore, if the electronic temperature T is used to de-
fine a Planck-like function J,,

2h? ¢’ ‘ -1
J, = 7”_ 9 o—ho/kT (1 _7 e—hv/lc%) @0
¢ g q

Then the transfer equation may be written as

a, _ _ 4 _wpr
L Na,,(l L O,—1) @8

It may be noted that, as defined, the function J, could be
negative at frequencies where (¢'/q) exp(—hy/ET.) is greater
than unity At these same frequencies the effective absorp-
tion coefficient Ne,[1 — (¢'/¢) exp(—hv/kT.)] would also
be negative, so that both sides of the radiative transfer equa-
tion, Eq (28), are positive The physical meaning of the
negative absorption coefficient is that the radiation of in-
tensity I, induces more transitions in emission than in ab-
sorption  This can happen, of course, only when the relative
population of excited states is large, corresponding to a large
electron temperature 7', so as to take advantage of the situa-
tion where ¢’ is greater than ¢ As will be seen later, this
oceurs only in one of the wings of the band and not near the
peak intensity

At equilibrium, the upper states are populated to an appre-
ciable extent only when the temperature is the order of Av/k
This is generally much larger than the characteristic vibra-
tional temperature hw/k, and in this case the population of
vibrational states is approximately uniform [see Eq (6)]:

N./N —T——> hw/kT < 1 (29)

Moreover, to the order of approximation that the partition
functions are separable, the vibrational frequencies of the
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upper and lower states are equal Then the oscillator-
strength spectral-distribution functions ¢ and ¢’ are equal,
J, reduces to the blackbody intensity-distribution funetion,
and the effective absorption coefficient is just the value for
a gas in local thermodynamic equilibrium, as given by
Chandrasekhar 8

The solution to Eq (28) is

I, = fo ™ Je—dr (30)

where 7 is the integrated absorption path length
13
r(2y,2) = fow Na, <1 - Z— e—’w/kT> ds  (31)

The upper limit of the integral in Eq (30), 7m, is just the value
of 7 at the gas boundary This would, of course, be infinity
in a gas of infinite extent The physical meaning of Eq
(30) is that the intensity at a given point in the gas and in a
given direction is the sum of emission from all volume ele-
ments, less the absorption suffered, up to the point considered

For the special case where the medium has constant proper-
ties, J, is a constant, and the solution for I, at a distance s
from the gas boundary is

I, =J,1—e ™) (32)

!
Tm=Na,<1—%e_h/kT>s (33)

When the gas density N, ot the absorption coefficient o, or
the path length s is very small so that 7, < 1, then

I, >~7.J, (34
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Table 1 Spectroscopic constants for air molecules

Band Lower state Upper state

N first positive A3zt B,

fg = 0 0028 Vmax = 16 vmux, =21
Ve 50206 0 59626 3
We 1460 37 1734 11
W Te 13 891 14 47
wy —0 025 0

N second positive B3I, C3I,

f =007 Vmax = 21 Vmax' = 4
Ve 59626 3 89147 3
W, 1734 11 2035 1
@ Te 14 47 17 08
@Yo 0 -215

N, *first negative Xzt B2z, *

f =020 Vmax = 21 Vamax! = 29
Ve 0 25461 5
[2) 2207 19 2419 84
wT 16 136 23 19
Wy —0 0400 —0 5375

Multicomponent Gases with Overlapping Bands

In the general case, there will be overlapping band systems
and continua that may arise from different species in the gas,
each of which may be populated according to a different
characteristic electronic temperature For this general
case, Eq (22) may be written

Il h
© = T3 (ANJq! — IBNig: + IB/N/g") (35)
ds 47 i
where the summation is over all ¢ components in the gas If
an absorption coeflicient for the ith component is defined by

oy = (hV/47l')BiQi (36)

and again the population numbers define effective electronic
temperatures 7'; and Planck-like functions J,

NJ/N: = (g://gi)e~ /T @7
J: = 2 @i _h g, <1 _ e—hu/lcTi>~1 (38)
& g g

then the radiative transfer equation (35) may be expressed as

_d_I = R — LJ —hv/kT,
2 = 22 Niew (1 . =1 (39

T 3

The solution for this differential equation is
1= [ Je=rar (40)

where the absorption path length 7 is now the summation

R
=2 fox“zviai (1 . rhv/kﬂ-) ds (41
k3

qs
and the value of J is an averaged Planck-like function given

K
Z Nio; <1 — ZL e—h"/kTi> J:

i

g
S Nias <1 % 6—hv/kT,;)

(42)

It can be seen from the equations in the preceding sec-
tions that once the population numbers N; and N, are
determined for a nonequilibrium gas, the radiation intensity
can be expressed as functions of the factors ¢; and ¢;’, which
are dependent on vibrational temperatures only Note that,
in the general case, each species may have its own vibra-
tional temperature The calculated values of these oscillator
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distribution functions are given in the next section for some
of the important band systems in nitrogen

Oscillator Distribution Functions for Nitrogen

The strong bands in high temperature nittogen are the N,
first- and second-positive bands and the N,* first-negative
band The Franck-Condon factors for these bands have
been computed by Nicholls!? from vibrational wave-function
solutions to the Morse potential The energy levels of the
electronic-vibiational states were calculated from

E=y +00+d)—wr@+5+oy@+3)? 43)

where the spectroscopic constants v, we, w ., and wy are
taken from Herzberg'® and are in wave-number units of
em™!  These are summarized in Table 1 for the three bands
considered here  Also shown are the estimates of the elec-
tronic oscillator stiength f taken from Meyerott,® except
for the N, first-positive band where the f number is that re-
ported by Wurster

The energy differences for the transitions were grouped in
class intervals of 2000 cm~' The Franck-Condon factors
were then multiplied by the vibrational population numbers
for vibrational temperatures equal to 1000°, 3000°, and
10,000°K  These were then summed for the class interval
and divided by 2000 to give the average oscillator distribution
per unit wave number The results of these calculations
are plotted in Figs 1, 2, and 3, where ¢ is now given in units
of centimeters rather than seconds Figure 1 gives the
oscillator-stiength distribution as a function of wave num-
ber for the N, first-positive band, Fig 2 for the N, second-
positive band, and Fig 3 for the N,T first-negative band
Tabulated numerical results of these caleulations are avail-
ablein Ref 15
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Because of the sum rules,

N N,
EE-TY-Te-Te - @

the integration of the oscillator distiibution curves must total
unity:

S v =1 (45)

Equation (45) is approximately satisfied in each case ex-
cept for the N, second-positive band at © = 10,000°K,
where the integration totals about 07  This means that the
Franck-Condon array used has not been quite extensive
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enough to give all the strong transitions when higher vibra-
tional quantum numbers are excited, or that some of the
strong transitions from upper vibrational levels may lie in
the continuum region Thus there is need for a calculation
of these continuum oscillator-strength distributions

The oscillator distribution functions plotted in Figs 1-3
are the profiles of relative intensity across the band At
low vibrational temperatures, where only low quantum states
occur, the band is relatively compact As vibrational tem-
peratures and the population of upper vibrational states in-
crease, the radiation spreads across a wider band with some
loss of intensity near the maximum

The maximum transition probabilities lie along a parabolic-
like contour in a » — #»’ plot, so that transitions from low
vibrational quantum numbers in the ground state tend to
occur to somewhat higher quantum numbers in the excited
state On the other hand, spontaneous transitions occur
most frequently from low quantum levels in the excited state
to higher quantum levels in the ground state As a result,
the absorption profiles are weighted toward higher frequencies
relative to the 0-0 transition It is in the low-frequency
wing that the ratio ¢’ /¢ is larger than unity, and the possibility
of a negative absorption coefficient exists

The low-density limit for an emission oscillator distribution
function, Eq (19), is illustrated by the calculations for the
N T band given in Fig 3¢ The N, bands represent a special
case inasmuch as the ground state is not involved in the
transitions, and the populations produced in the excited
states at very low density are difficult to estimate How-
ever, for the N,* band, the low-density oscillator distribution
is similar in appearance to the high-density limit (Fig 3b)
This suggests that the approximations involved in com-
pounding the two distributions, as in Eq (20), may not be
too serious The principal difference between the two
limiting profiles is that the low-density profile is weighted
more in the high-frequency wing of the band at low vibra-
tional temperatures This occurs because high vibrational
quantum numbers are produced relatively more frequently
by the excitation processes than when the molecules are in a
low-temperature Boltzmann distribution

Concluding Remarks

In conclusion, it has been shown that solutions to the radi-
ative transfer equation for a steady-state, nonequilibiium
gas can be expressed in a form paralleling the usual equilib-
rium solutions In these nonequilibrium solutions, the
population of excited electronic states is used to define an
effective electron temperature, and the populations of vibra-
tional states are used to weight the Franck-Condon factors
to give the distribution of oscillator strength across the spec-~
trum  These distribution functions are designated by ¢ and
g’ for the absorption and emission process, respectively;
and they are functions of vibrational temperature only, to a
first approximation The solutions for intensity are then
given in terms of an effective absorption coefficient allowing
for radiation-induced emission, and of a Planck-like energy
distribution This absorption coefficient and the Planck-
like distribution are both functions of the electron tempera-~
ture and the factors ¢ and ¢’

The oscillator distribution functions have been calculated
for the strong molecular bands in nitrogen: the N, first-
and second-positive and the N,* first-negative These are
presented for vibrational temperatures of 1000°, 3000°, and
10,000°K
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It would be of value to determine the distribution functions
g and ¢’ for other strong bands that occur in air, such as the
O, Schumann-Runge and the NO 8 and v bands The
Franck-Condon arrays for these bands have been calcu-
lated,®, 7 but there is also a strong continuum that needs
to be included Consequently, the caleculation of these
functions is deferred until values of the continuum oscillator
strengths are available The presence of a strong continuum
indicates also a strong coupling between vibrational and
electronic states, so for such cases it will be desirable to in-
clude a correction for variation in the electronic oscillator
strength across the band In addition, the population num-
bers would be more accurately given if based on the actual
partition function for the anharmonic molecule, rather than
on the harmonic oscillator approximation
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